1. Introduction.-In a recent publication Truesdell' has emphasized a difficulty associated with the usual application of a system of differential stress-strain relations of the form d-aii = Fa#(11i,. .. ., 7733; T11, . ., T33),
(1) dt in which the left member is the total time derivative of the components rbag of the stress tensor and the quantities Fap are the components of a tensor invariant of the stress tensor and the rate of strain tensor whose components have been denoted by bad. The difficulty in question arises when one attempts to apply relations (1) to a body in rigid motion, and it stems, mathematically speaking, from the fact that the right members of (1) are of tensor character under the group of point transformations relating moving rectangular co-ordinate systems, while the left members are not of this character relative to such transformations. In meeting this difficulty Truesdell devised a procedure which led to the addition of other terms to the left members of (1), and this provided a set of stress-strain relations of correct tensorial character. Later, Noll' obtained stress-strain relations similar to those obtained by Truesdell on the basis of the requirement of invariance under the above group of transformations.
While this work must be regarded as constituting an outstanding contribution to the theory of the stress-strain relations, we feel that further clarification of the difficulty associated with the form (1) of these relations is desirable, and we have therefore been prompted to conduct our own investigation of this problem.2 We have shown in this paper that the difficulty in question can be removed merely by a suitable interpretation of relations (1), and hence these relations are, in fact, when suitably interpreted, the stress-strain relations for a dynamically sound theory of the deformations of a continuous medium.
2. Interpretation of the Noninvariant Stress-Strain Relations.-The local motion of the medium in the neighborhood of a point P can be resolved into an instantaneous rigid rotation about an axis through P, a translation, and a motion resulting in distortion or actual change of volume. The components of the local motion involving rotation and translation will not produce structural changes in the medium,
i.e., changes inherently connected with variations in the stress and strain rates. It appears natural, therefore, to view the stress-strain relations from the standpoint of an observer in a moving co-ordinate system relative to which the local rotation vanishes. Whether or not one chooses this system so that the local translation likewise vanishes appears immaterial, since the stress tensor and the other quantities used in the construction of the stress-strain relations will not be affected by translations.
To develop the idea involved in the above paragraph precisely, let us denote by Xa the co-ordinates of an arbitrary rectangular co-ordinate system and by ya the co-ordinates of a rectangular system which may be moving relative to the x system. Then between the xa and the ya we will have relations of the form y = aak(t)X + ba(t); aakaam = 5km,
in which the coefficients aak and ba are functions of the time t alone. Now select an arbitrary point P of the medium, and choose the y system so that relative to it the instantaneous rotation of the medium vanishes at the point P. When the y coordinate system is chosen in this way, it will be called a kinematically preferred system associated with the point P. It will be assumed that this kinematically preferred system is selected so that its origin lies at the point P.
We now make the following assumption. Relations (1) are valid at a point P of the medium only when they are referred to a kinematically preferred system associated with the point P and evaluated at the origin of this system, i.e., at the point P. The problem of expressing relations (1) in the x co-ordinate system must now be considered. When this problem is solved, it will be seen that our interpretation of equations (1) as equations valid only at the origin of a kinematically preferred system leads to a set of stress-strain relations which is invariant under the group of co-ordinate transformations defined by (2).
3. Auxiliary Formulas.-The components of particle velocity in'the x and y systems related by (2) are given by va = dxa/dt and wa = dya/dt, respectively. By differentiation of (2) with respect to the time t, we obtain the relations between these components, namely, wa = aakVk +x +ba
where the dot denotes the ordinary time derivative. We now differentiate (3) with respect to the co-ordinate ye3 and then eliminate the derivatives bXk/by" by means of the relations oxk/kyl = ark, which can be derived from (2). This gives wafA = aakarmvkm + dakajk.
Now, when we interchange the indices a,# in (4) and then add corresponding members of the resulting equations and the equations (4) 'fik = -2(Vik Vki).
Hence quantities of the type ik do not constitute the components of a tensor under the group (2). Denoting by Ban the components of the stress tensor relative to the x system and transforming these quantities into the components Baa of this tensor with respect to the y system, we have Tan3 = 9ikaaiak.
Let us now take the total derivative of (7) with respect to the time, to obtain
Eliminating the quantities dcj from these relations by the substitution (6), we easily find that the resulting equations can be written in the form
corresponding to (7), where
The quantities Tap and Aik given by (9) and (10) are therefore related by the tensor transformation law under the group of transformations defined by (2). 4. Invariant Form of the Stress-Strain Relations.-Let us now consider the coordinates ya in section 3 to be the co-ordinates of a kinematically preferred system. Then the condition that the rotation vanish is given by Orag = 0 at the origin of the y system. Hence the left members of (1) can be. replaced by the corresponding quantities 9ar,, on account of (9). But, since the quantities Ban are of tensor character by (8) and the right members of (1) are of tensor character by hypothesis under the transformations of the group defined by (2), it follows that the relations d~ai = Fa,(Eii,.--.633; ally O .-. a33) (11) are valid in the x system. These relations represent the stress-strain relations (1) relative to the x system and are, moreover, invariant under the transformation group (2).
5. The Absolute Time Derivative.-The reduction of the quantities Tags defined by (9) to the total time derivatives dra.,/dt at the origin of a kinematically preferred system is exactly analogous to the reduction of the absolute derivative of a quantity along a curve in a Riemann or general affinely connected space at the origin of a system of normal co-ordinates in this space. The situation here appears also to be connected, although perhaps not quite so closely with the reduction of the components of the covariant derivative to partial derivatives at the origin of normal co-ordinates. Adopting the notation commonly used in the tensor analysis, let us now write' DOck = (drik) (12) where the quantities in the right members of these equations are evaluated at the origin of a kinematically preferred system. In connection with equations (12), we assume that the kinematically preferred system is chosen 50 that its axes have the directions of the corresponding axes of the x co-ordinates system at the time t under consideration. The quantities Drik/Dt defined in the x system by (12) will now be the components of a tensor under the group (2) (12), it appears that the absolute time derivative gives the natural modification of the total time derivative of a tensor when one wishes to obtain relations of invariant character under the group (2). In fact, by the mere substitution of the absolute time derivative of the stress tensor for the total time derivative of this tensor in (1), we obtain a set of invariant and dynamically correct stress-strain relations.
6. Final Remark.-If we make the substitutions Va,ig = '/2(Va,,o + Vi,,a) + '/2(Va., -Vlga) = ead + cam for the derivatives va,# in the left members of the stress-strain or constitutive equations derived by Truesdell,4 we find that we obtain the left members of our relations (11) or (13); plus additional terms. However, these additional terms are of the nature of terms that can appear in the right members of the relations. It follows, therefore, that our relations (11) or (13) and the relations of Truesdell are equivalent. On the other hand, relations (11) and (13) appear to be strictly similar to those obtained by Noll,6 apart from the fact that the latter are expressed in a form involving both covariant and contravariant indices. 1 C. Truesdell, "The Simplest Rate Theory of Pure Elasticity," Communs. Pure and Appl. Math., 8, 123-132, 1955 1. Introduction.-The concept of stress-stain relations valid for both the elastic and the plastic domain has certain theoretical advantages which appear to compensate for the fact that such relations are necessarily somewhat more complicated than the corresponding relations for either of these domains treated separately.' For example, there is the possibility of a more gradual transition from the elastic to the plastic state corresponding to the actual behavior of materials; also, the use of a single system of equations eliminates the troublesome matter of matching the elastic and the plastic solutions, which arises in the process of unloading when distinct systems of equations are assumed to govern the elastic and plastic behavior of a body.2
The discussion in this paper is based on the assumption of a set of stress-strain relations of the form Do -Fa,(El,, . . ., t33; lla, . . *, 33),
(1) Dt a in which the F's are the components of a tensor invariant of the stress tensor ur and the rate-of-strain tensor e; the quantities Do,,/Dt are the components of the absolute time derivative of the stress tensor.3 Briefly stated, we have attempted to construct the tensor invariant F so as to obtain the utmost simplicity consistent with the usual assumptions, such as isotropy of the material, homogeneity, and the quadraticyield condition of von Mises-considered here as the extreme case of an inequality, since relations (1) are intended to embrace both the elastic and the plastic domain as commonly conceived. While this set of stress-strain relations is of differential character it reduces approximately on integration, as shown in section 9, to the usual algebraic relations of classical elasticity theory for small displacements about the natural or unstressed state of the body. In the extreme case of yield, the stressstrain relations of this theory become identical with the condition of incompressibility and the Prandtl-Reuss relations (sec. 8) which have been taken as basic in the recent book by Prager and Hodge.4 2. Definitions.-Rectangular co-ordinates will be employed exclusively, so that there will be no distinction between the covariant and contravariant indices of tensorial quantities, and covariant differentiation, denoted as usual by a comma, will be
